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Solution to Assignment 6

Section 7.2

18. If f = 0, then result is trivial. Otherwise, since f is continuous on [a,b], there exists
xg € [a,b] s.t. sup f = f(zo) > 0. By continuity, for each small € > 0, there is some ¢ such
that | f(z) — f(zo)| < g, for all z € [xg — §, 29 + 0] N [a, b]. Hence

5(f(wo) — )" < / /< / "< / ’ fao)" = Fao)"(b - a)

(z0—9, zo+9d)N[a,b]

1/n

Y (f(xo) —€) < M, = </ab f”) < f(x0)(b — a)V/m

1/n

Note that lim,_,a™/™ =1V a > 0. Letting n — oo, by the squeeze theorem,

f(zo) — e < liminf M,, <limsup M, < f(zo)

n—0o0 n—00

Letting € — 0, limy,,—y00 M, = f(x0) = sup{f(z) : x € [a,b]}.

19. Let P, be the equal length partition of [—a,0],—a = z¢p < 21 < -+ < x, = 0, where
xzj =—a+ja/n, j=0,---,n. Then we have

0 a
—a 3

see Theorem 2.6. On the other hand, —z;,j =0,--- ,n, becomes a partition @, on [0, a].

Therefore,
“ a
=1l —xi)— .
/0 f= lim % Fl=zj)
Using f(—x) = f(x), we see that

S I =3 flay)

J

Lo

When f is odd, follow the same line but now using f(—xj)g =-2; f(scj)g to get
n n

[

hence

Section 7.3

10. We let F(t) = fj f. Then G(z) = fay(w) f = F(v(z)) . Applying the Chain Rule and then
the Second Fundamental Theorem,

G'(z) = F'(v(x))V(z) = f(v(2)V'(x) .
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11.

16.

First,

2

z 1
F = ——dt .
@W=| 7

By taking v(z) = 22 and applying the previous problem, we have
y g

2
X 2x = x

Fl(z) = .
@) =170 1+ 26

Next, write
€T CC2
F(x) :/ \/1+t2dt—/ V14 t2dt,
0 0
and apply the previous problem separately to get

F'(z) = V1+22 —22V1+ a2t .

Differentiate both sides to get
after noting

[o-[ s

Check the assumption for the Second Fundamental Theorem.

Supplementary Exercise

. Order the rational numbers in [0, 1] into a sequence {z,} and define

1
pz) = Z %9
{0, zj<z}
Show that ¢ is continuous at every irrational number but discontinuous at every rational
number in (0, 1).
Solution. Let x be rational. Then x = z; for some k. From the definition of ¢ we
immediately obtain ¢(z; ) — ¢(z; ) = 1/2", so it has a jump at zj. On the other hand, for
e > 0, we fix a large jp such that Z;ijo 27) < e. The finite points z1,--- , z;, are disjoint
from 2 and we can find some 6 > 0 such that (x —d, 2+ 0) does not contain any z1,-- -, zj,.
That is, z; € (x — d,x + ) implies j > jo. It follows that for y € (z — 6,2 + ),y > z,
oo

1
— < c.

1 1
0<o(y) =)= Y 5= 5 = 50
1

{7 v<z;<y} Jj=Jjo+
Similarly, we have 0 < ¢(x) — ¢(y) < € for y € [x — §, z).

Note. This function is strictly increasing. Since monotone functions are integrable, this
example shows how complicated an integrable function could be. It has countably many
discontinuity points spreading densely over the interval. Thomae’s function is another
example of the same nature, although it is not monotone.
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2. Give two integrable functions f and ® so that ® o f is not integrable. Hint: Take f to be
the Thomae’s function.

Solution. Take f to be the Thomae’s function which has been shown to be integrable on
[0,1]. Next consider ®(z) = 0if z = 0 and ®(x) = 1 otherwise. ® is bounded and has only
one discontinuity point at x = 0 and hence integrable. However, the composite function
® o f satisfies Do f(z) = 1,2 € Q and P o f(x) = 0 otherwise. It is not integrable, see
Example 2.2.

3. Evaluate the following limits:

(a)

(b)

Solution. (a) We observe

1 n I~ n S |
n+1 n+n nz + 3 ;1—{—]/71

— n,
J=1

Using the integrability of the function f(z) = 1/(1 + x), we see that

lim_( L s ) /1 L e = log(1 + )‘1
im = z =lo x
n—oo \n + 1 n+mn o 1+=x & 0

(b) Taking log,

=log2 .

n n

1 1 , 1 j
— | — _ — —_ = — P
- logn! —logn - ]E:l (log] log n) - jEZl log o

Letting g(z) = logz, x € [0,1],

i/n 1 1< j !
lim log (nh) = lim —logn!—logn = lim —Zlogl = / logxdxr = —1 .
n—o00 n n—oo n Jj—oon o— n 0
Hence "
n1/n
lim (n!) =e 1.
n—oo n

4. Evaluate the following integrals
a
/ 22V a? — 22dx .
0

Solution. WLOG take a > 0. Use the change of variables z = asin@, 6 € [0,7/2]. Then
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dx/df = acosf on [0,7/2].

a
/ 22Va? — 22 dx
0

5. Prove the following formula: For any

™
/ xf(sinz)
0

w/2
/ a?sin®0(] a | cos 0)(acosb) db
0
a

w/2
4/ sin® 6 cos? 6 db

sin? 20 do

( cos49) 20

sin 49> /2

| 8 »M@ »Jk‘@

/ 2
/Tr/
(-

H‘ﬁ
(=)

“nice” function f

/ f(sinz)d

Solution.
T T/ T
/0 xf(sinz)dx = /0 Qxf(sinx)dz:+/7r/2xf(sinx)dx
w/2 0
= / xf(sinx) dx—i—/ (m —w) f(sin(m —u))(—1) du
0 w/2
/2 /2 /2
= / xf(sinx) dac—i—/ (m —z) f(sinx) dHJ:ﬂ'/ f(sinz) dx .
0 0 0
Similarly,
™ w/2 0
/ f(sinz) dx = / f(sinz) dox + / f(sin(m — u))(—=1) du
0 0 /2
w/2
= 2 inz)d
/0 f(sinz) dx
Hence,

6. Evaluate the integral

r

Hint: Use the previous problem.

/ f(sinx)

rsinz
———dx
14 cos?z



Spring 2019 MATH2060A 5

Solution.
™ 3 ™ 3
rsinx rsinx
/ T dr = / o dr
o l-+cos*x 0o 2—sin“z
. .
s sinx
- / o dr

2 Jo 2—sin“z

7T/7T —sinx
= —= — 5 dx
2 Jo 1+cos“z

T [ d(cosx)

—2Jo

1+ cos?z
v

T
= - §Arctan cosx

0

71'2

T
7. For a continuous function f on [—a,al, prove that when it satisfies

a

fg=0,

—a
for all even, integrable functions g, it must be an odd function.

Solution. Step 1. Define:

f=Jfet+fo
jo— L)+ i)

_ f(@) — f(==)
fo= T2

Note f. is even while f, is odd.
Then,
0=/ fg= 1| Jeg+ [ Jog-

Use change of variables,

0 0
- fog = - fo(x)g(x)dx
0

Therefore, [ fog = 0.
It follows that "
0= f ed -
—a

As f. is even, set g = fe, ffa f2=0= f.=0,s0 f = f,is odd. At the last we use the
continuity of f (so are f. and f,).
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8. Evaluate the following integrals:

(a)

™
/ rsinxdr ,
0

1
/ Arccoszdx.
0

(b)

The inverse cosine function Arccos maps [—1,1] to [0, 7].

Solution. (a)

™

/xsinxdx:/ x (—cosz) dx = (—xcosx)
0 0

vy
+/ cosr dr =7 .
0 0

(b) Let x = cos @, 6 € [0,7/2]. Then dx/df = —sin6 on [0,7/2]. Then

1 0
/ Arccos x dx = / O(—sin @) do
0 /2

/2 w/2
+/ cos 6 db
0 0

= (—fcos¥h)

= 1.

9. Evaluate the following integrals:
(a)
1
/ (1—a2H)de |
0

1
/xm(loga:)”daz, m,n € N.
0

(b)
Solution. (a)
Let z = sin#, 6 € [0,7/2]. Then dx/df = cos 6 on [0, 7/2].
1 /2
I, = / 1—2H)"de = / cos®™ 16 dp
0 0
/2
= / cos®™ @ (sin 0)' db
0

= (cos*"sinb)

/2 /2
+ 2n/ cos?™ 1 0sin% 0 db
0 0
w/2
= 2n/ cos® 1 9(1 — cos?6) df
0

w/2 w/2
= Qn/ cos® 10 do — 2n/ cos®™ 19 do = o2nl,,_| — 2nl, .
0 0
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Therefore,

(2n+1)!

2n
I,
m+1 "t
2n 2n—2 2

)
2n+12n—1 3

2n ()12 w/2
2(71)‘/ cos 0 db
- Jo

(2n+1)
2n(,,1)2 /2
27 ol

22n(n!)2

(2n+ 1)

1 1
lim [ (logz)™(z™*!)
m+1e-0 ),
xm+1 1 1
li | "o —
51—r>I(1) m + ( 8 :E) € m+1
n 1
— / 2™ (Inz)" "t da
m-+1J
n
_m+ 1 m,n—1
n!
(_1)71 )nIm70

(="

1
n.
- md
<m+1>n/o v

(m+

(—1)"?1! xm—l—l ’1
0

Hrm+1

(=1)"n!

(m+

1)n+1 :



